Navier-Stokes方程式の外部問題について(非線形発展方程式とその応用) by 小林, 孝行 & 柴田, 良弘
TitleNavier-Stokes方程式の外部問題について(非線形発展方程式とその応用)
Author(s)小林, 孝行; 柴田, 良弘










$([\mathrm{K}\mathrm{b}\mathrm{S}1,2])$ . 3 $\mathcal{O}$
Navier-Stokes
.
(1.a) $\partial_{t}\mathrm{u}-\triangle \mathrm{u}+(\mathrm{u}\cdot\nabla)\mathrm{u}+\nabla p=0$, $\nabla\cdot \mathrm{u}=0$ in $(0, \infty)\cross\Omega$ ,
(1.b) $\mathrm{u}=0$ on $(0, \infty)\mathrm{x}\partial\Omega$ ,
(1.c) $\mathrm{u}(\mathrm{O}, x)=\mathrm{a}$ in $\Omega$ ,
(1.d) $\lim \mathrm{u}(t, x)=\mathrm{u}_{\infty}$ , $\forall_{t}\in[0, \infty)$ .
$|x|arrow\infty$
, 1 . , $\Omega$ $\mathcal{O}$
, $\partial\Omega$ , $x=(x1, x2, xs)$ $\mathrm{R}^{3}$
, $t$ 1 , $\partial_{t}=\partial/\partial t,$ $\partial_{j}=\partial/\partial_{j},$ $\triangle=\partial_{1}^{2}+\partial_{2}^{2}+\partial_{3}^{2},$ $\nabla=^{T}(\partial_{1}, \partial_{2}, \partial_{3})(^{T}$
), $\cdot$ $\mathrm{R}^{3}$ , $0=^{T}(0,0,0)$ ,
. $\mathrm{u}=^{T}(u_{1}, u_{2}, u_{3})$ . –
. $\mathrm{u}_{\infty}=0$ $\mathcal{O}$ $(\Omega=\mathrm{R}^{3})$ T. Kato [Ka]
a $L_{3}$ $\nabla\cdot \mathrm{a}=0$ –
. Stokes Cauchy
$L_{q}-L_{r}$ , small perturbation
(1) . $\mathrm{u}_{\infty}=0$ $\mathcal{O}$
H.Iwashita, [I] a $L_{3}$ $\nabla\cdot \mathrm{a}_{--}0$
– . Stokes
$L_{q}-L_{r}$ , small perturbation (1)
. , $\mathrm{u}_{\infty}\neq 0$ T. Kato [Ka] H. Iwashita
[I] . R. Finn [ $\mathrm{C}\mathrm{h}\mathrm{F}$ , Fi 1-Fi 6]
J. G. Heywood [He 1-He 3] $\mathrm{u}_{\infty}=\mathrm{u}(\infty t)$
$L_{2}(0, \infty)$ $L_{2}$ . (
K. Masuda [Ma 1] .) $\mathrm{u}_{\infty}$
– . .
.
. $D$ $\mathrm{R}^{3}$ , $L_{q}(D)$
$D$ $L_{q}$ , $||\cdot||_{q,D}$ . .
$|| \mathrm{u}||_{q,D}=(_{j}\sum_{=1}||u_{j}s||^{q}q,D\mathrm{I}^{1/q}(1\leqq q<\infty);$
$|| \mathrm{u}||\infty,D=_{j=1}\max,||u2,3j||_{\infty,D}$ ,
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$||u||_{q,m,D}=||\overline{\partial}_{x}^{m}u||_{q,D}$ ; $||\mathrm{u}||_{q,D}m,=||\overline{\partial}_{x}^{m}\mathrm{u}||_{q,D}$ ; $\overline{\partial}_{x}^{m}u=(\partial_{x}\alpha u, |\alpha|\leqq m)$ .
, .
$||\cdot||_{q}=||\cdot||_{q,\Omega},$ $||\cdot||_{q,m}=||\cdot||_{q,m,\Omega},$ $|\cdot|_{q}=||\cdot||_{q,\mathrm{R}^{3}},$ $|\cdot|_{q,m}=||\cdot||_{q,m,\mathrm{R}}\mathrm{s}$ .
$S’$ tempered distributions , $C_{0}^{\infty},(D)$ $D$
, .
$L_{q,b}(D)=\{u\in L_{q}(D)|u(x)=0\forall_{X}\not\in B_{b}\},$ $B_{b}=\{x\in \mathrm{R}^{3}||x|<b\}$ ;
$W_{q,l_{o\mathrm{C}}}^{m}(\mathrm{R}3)=$ { $u\in S’|\partial_{x}^{\alpha}u\in L_{q}(B_{b})\forall_{\alpha}$ : $|\alpha|\leq m$ and $\forall_{b}>0$ };
$W_{q,c}^{m_{l_{\mathit{0}}}}(D)=$ { $u|\exists_{U}\in W_{q}^{m_{loc}},(\mathrm{R}3)$ such that $u=U$ on $D$ };
$L_{q,l_{\mathit{0}}\mathrm{C}}(D)=W^{0},lc(qoD)$ ;
$W_{q}^{m}(D)=\{u\in W_{q,l_{\mathit{0}}c}^{m}(D)|||u||_{q,m,D}<\infty\}$ ;
$\dot{W}_{q}^{m}(D)=\mathrm{t}\mathrm{h}\mathrm{e}$ completion of $C_{0}^{\infty}(D)$ with respect to $||$ . $||_{q,m,D;}$
$\dot{W}_{q,a}^{m}(D)=\{u\in\dot{W}_{q}^{m}(D)|\int_{D},u(X)dx=0\}$ ;
$\hat{W}_{q}^{m}(D)=\{u\in W_{q,\mathrm{c}}^{m_{l_{\mathit{0}}}}(D)|||\partial_{x}^{m}u||_{q,D}<\infty\},$ $\partial_{x}^{m}u=(\partial_{x}\alpha u, |\alpha|=m)$ .
3 .
$\mathrm{L}_{q}(D)=$ { $\mathrm{u}=\tau_{(}u_{1},$ $u_{2},$ u $)|u_{j}\in L_{q}(D),j=1,2,3$ }.
, $\mathbb{C}_{0}^{\infty}(D),$ $\mathrm{L}_{q,b}(D),$ $\mathrm{W}^{m_{l_{\mathit{0}}C}}(q,D),$ $\mathrm{L}_{q},\iota_{\mathit{0}}\mathrm{C}(D),$ $\mathrm{W}^{m}q(D),\dot{\mathrm{w}}_{q}^{m}(D),\hat{\mathrm{W}}_{q}^{m}(D)$
.
$\mathrm{J}_{q}(D)=\mathrm{t}\mathrm{h}\mathrm{e}$ completion in $\mathrm{L}_{q}(D)$ of the set { $\mathrm{u}\in \mathbb{C}_{0}^{\infty}(D)|\nabla\cdot \mathrm{u}=0$ in $D$ };
$\mathrm{G}_{q}(D)=\{\nabla p|p\in\hat{W}_{q}^{1}(D)\}$ .
. , D. Fujiwara and H. Morimoto $[\mathrm{F}\mathrm{w}\mathrm{M}]$ , T. Miyakawa [Mi]
Banach $\mathrm{L}_{q}(D)$ Helmholtz .
$\mathrm{L}_{q}(D)=\mathrm{J}_{q}(D)\oplus \mathrm{G}_{q}(D)$ $\oplus$
$\mathrm{P}$ $\mathrm{L}_{q}(\Omega)$ $\mathrm{J}_{q}(\Omega)$ continuous projection . Stokes A Oseen
$\mathbb{O}(\mathrm{u}_{\infty})$
$D_{q}(\mathrm{A})=D_{q}(\mathbb{O}(\mathrm{u}\infty))=\mathrm{J}(q\Omega)\cap\dot{\mathrm{W}}(q\Omega)\cap \mathrm{W}^{2}(1q\Omega)$
$\mathrm{A}=-\mathrm{P}\triangle$ $\mathbb{O}(\mathrm{u}_{\infty})=\mathrm{A}+\mathrm{p}(\mathrm{u}_{\infty}\cdot\nabla)$ . $B(I, X)$




. – $\mathrm{u}(t, x)=\mathrm{u}\infty+\mathrm{v}(t, x.)$ $\mathrm{v}$
.
(2.a) $\partial_{t}\mathrm{v}-\triangle \mathrm{v}+(\mathrm{u}_{\infty}\cdot\nabla)\mathrm{v}+(\mathrm{v}\cdot\nabla)\mathrm{v}+\nabla p=0,$ $\nabla\cdot \mathrm{v}=0$ in $(0, \infty)\cross\Omega$ ,
(2.b) $\mathrm{v}=-\mathrm{u}_{\infty}$ on $(0, \infty)\mathrm{x}\partial\Omega$ ,
(2.c) $\mathrm{v}(0, X)=\mathrm{a}-\mathrm{u}_{\infty}$ in $\Omega$ .
, Oseen .
(3) $-\triangle \mathrm{w}+(\mathrm{u}_{\infty}\cdot\nabla)\bm{\mathrm{w}}+(\mathrm{w}\cdot\nabla)\mathrm{w}+\nabla p=0,\nabla\cdot \mathrm{w}-=0$ in $\Omega$ , $\mathrm{w}=-\mathrm{u}_{\infty}$ on $\partial\Omega$ .
$\mathrm{w}$ $\mathrm{u}(t, x)=\mathrm{u}_{\infty}+\mathrm{w}(x)+\mathrm{v}(t, x)$ $\mathrm{v}$
.
(4.a) $\partial_{\^{\mathrm{v}-}}\triangle \mathrm{v}+(\mathrm{u}_{\infty}\cdot\nabla)\mathrm{v}+L[\mathrm{W}]\mathrm{v}+(\mathrm{v}\cdot\nabla)\mathrm{v}+\nabla p--0$ , in $(0, \infty)\cross\Omega$ ,
(4.b) $\nabla\cdot \mathrm{v}=$. $0$ in $(0, \infty)\cross\Omega$ ,
(4.c) $\mathrm{v}=0$ on $(0, \infty)\mathrm{x}\partial\Omega$ ,
(4.d) $\mathrm{v}(\mathrm{O}, X)=\mathrm{b}=\mathrm{a}-\mathrm{u}_{\infty}-\mathrm{w}$ in $\Omega$ .





Theorem 1. (1) Let $1<q\leqq r<\infty$ and let $\kappa>0$ be any small number. Then,
there exists a $co\mathrm{n}st$ant $\sigma_{0}.’ 0<\sigma_{0}\leqq 1$ depending on $q$ but in$dep$endent of $\kappa,$ $\mathrm{u}_{\infty}$ and $r$
such that
(6) $||e^{-t\mathbb{O}(\mathrm{u}_{\infty}}\mathrm{a})||\Gamma\leqq C_{q,r,\kappa}|\mathrm{u}_{\infty}|-\kappa t^{-}\nu||\mathrm{a}||_{q}$ $\forall_{t}>0,$ $\forall_{\mathrm{a}}\in \mathrm{J}_{q}(\Omega),$ $\nu=\frac{3}{2}$ ,
provided that $0<|\mathrm{u}_{\infty}|\leqq\sigma_{0}$ , where $C_{q,r,\kappa}$ is independent of $\mathrm{u}_{\infty}$ .
(2) In addition,$\cdot$ we assume that $1<q\leqq r\leqq 3$ . Then,
(7) $||\nabla e^{-}\mathrm{a}\infty|t\mathbb{Q}(\mathrm{u})|r\leqq c_{q,r,\kappa}|\mathrm{u}_{\infty}|-\kappa t^{-(/2}\nu+1)||\mathrm{a}||_{q}$ $\forall_{t}>0,$ $\mathrm{a}\in \mathrm{J}_{q}(\Omega)$
provided thai $0<|\mathrm{u}_{\infty}|\leqq\sigma_{0}$ .
(3) .
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Theorem 2. Let $3<q<\infty$ and let $\delta$ and $\beta$ be any numbers such that $0<\delta<$
$\beta<1-\delta$ . Then, there exists a constant $\sigma_{1}$ : $0<\sigma_{1}\leqq 1$ depending on $q,$ $\delta$ and $\beta$ but
independent of $\mathrm{u}_{\infty}$ such that if $0<|\mathrm{u}_{\infty}|\leqq\sigma_{1}$ , then the pro $\mathrm{b}l$em (3) admits $sol$utions
$\mathrm{w}\in \mathrm{W}_{q}^{2}(\Omega)$ and $p\in W_{q}^{1}(\Omega)$ possessing the est $\mathrm{i}m$ate:
(8) $||\mathrm{w}||_{q},2+|||\mathrm{W}|||\delta+||p||_{q,1}\leqq|\mathrm{u}_{\infty}|^{\beta}$ .
Here, we put





Theorem 3 Let $0\leqq\alpha<1/3$ and put $d(x)=s(\mathrm{u}_{\infty})(X)\alpha|X|1-\alpha\log|x|$ . Then,
(11) $\int_{\Omega}|\frac{v(x)}{d(x)}|^{3}dx\leqq C||\nabla v||_{3}3$ $\forall_{v}\in\dot{W}_{3}^{1}(\Omega),\cdot$
Kato [Ka] Theorems 1, 2and 3 .
Theorem 4. Let $q$ be a Hxed number $>3$ . Then, there exists a constant $\epsilon>0$ such
that if a $\in$ $\mathrm{J}_{3}(\Omega),$ $0<|\mathrm{u}_{\infty}|\leqq\epsilon$ and $||\mathrm{a}-\mathrm{u}_{\infty}||_{3}\leqq\epsilon$ , ihen the problem (4) admits a
unique solution $\mathrm{v}(t, x)\in B([\mathrm{o}, \infty)$ ;J3 $(\Omega))$ possessing the following properties:
(12) $t^{3(1//)}-1q/2(3t, X)\mathrm{V}\in B([0, \infty);\mathrm{J}_{q}(\Omega))$,
(13) $t^{1/2}\nabla_{\mathrm{V}}(t, X)\in B([\mathrm{o}, \infty)$ ;L3 $(\Omega))$ ,
(14) $\lim_{tarrow 0+}||\mathrm{v}(t, )-\mathrm{b}||_{3}+[\mathrm{v}]_{q,3}(1/3-1/q)/2,t+[\nabla \mathrm{v}]_{3,1/t}2,=0$ .
Here, we put
(15) $[v]_{q,\rho,t}= \sup s^{\rho}0<s<t||v(s, \cdot)||q$ .
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